Abstract: This paper is devoted to give white noise functional solutions for stochastic cubic nonlinear Klein-Gordon equation. Abundant exact travelling wave solutions for Wick-type generalized stochastic Klein-Gordon equation are obtained. By using white noise analysis, Hermite transform, modified Riccati equation and modified tanh-coth method many exact travelling wave solutions are given. Detailed computations and implemented examples for the investigated model are explicitly provided.
Introduction
The main aim of this paper is to investigate the generalized variable coefficient Klein-Gordon (KG) equation:
u tt − ω(t)u xx + φ(t)u − ψ(t)u 3 − θ(t)u 5 = 0, (x, t) ∈ R × R + (1.1)
where u is a stochastic process on R × R + and φ(t), ψ(t) and θ(t) are bounded
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url: www.acadpubl.eu § Correspondence author measurable or integrable functions on R + . Equation (1.1) plays a significant role in many scientific applications such as solid state physics, nonlinear optics, chemical kinetics, the quantum field theory etc. The KG equations [1] [2] are universal models(normal forms) for the propagation of long, dispersive, weakly nonlinear waves that travel predominantly in the x direction, with weak transverse effects. The notion of well-posed-ness will be the usual one in the context of nonlinear dispersive equations, that is, it includes existence, uniqueness, persistence property, and continuous dependence upon the data. Recently, many researchers pay more attention to study of random waves, which are important subjects of stochastic partial differential equation (SPDE). Wadati [3] first answered the interesting question, How does external noise affect the motion of solitons? and studied the diffusion of soliton of the KdV equation under Gaussian noise, which satisfies a diffusion equation in transformed coordinates. Wadati and Akutsu also studied the behaviors of solitons under the Gaussian white noise of the stochastic KdV equations with and without damping [4] . Wadati [3] first answered the interesting question, "How does external noise affect the motion of solitons?" and studied the diffusion of soliton of the KdV equation under Gaussian noise, which satisfies a diffusion equation in transformed coordinates. The stochastic PDEs was discussed by many authors, e.g., Holden et al. [5] , de Bouard and Debussche [6, 7] and Debussche and Printems [8, 9] . On the basis of white noise functional analysis [5] , Ghany et al. [10] [11] [12] [13] studied more intensely the white noise functional solutions for some nonlinear stochastic PDEs. This paper is mainly concerned to investigate the white noise functional solutions for the generalized Wick-type stochastic Klein-Gordon (KG) equation:
where" ⋄ "is the Wick product on the Kondratiev distribution space (S) −1 and Φ(t), Ψ(t) and Θ(t) are (S) −1 -valuedfunctions [5] . It is well known that the solitons are stable against mutual collisions and behave like particles. In this sense, it is very important to study the nonlinear equations in random environment. However, variable coefficients nonlinear equations, as well as constant coefficients equations, cannot describe the realistic physical phenomena exactly. The rest of this paper is organized as follows: In Section 2, we recall the definition and some properties of white noise analysis. In Section 3, we apply some method to explore exact travelling wave solutions for Eq.(1.1). In Section 4, we use the Hermite transform and [5,Theorem 4.1.1] to obtain white noise functional solutions for Eq.(1.2). In Section 5, we give illustrative examples for the investigated model. The last section is devoted to summary and discussion.
Exact Travelling Wave Solutions
In this section, we will give exact solutions of Eq.(1.1). Taking the Hermite transform of Eq.(1.2), we get:
where z = (z 1 , z 2 , ...) ∈ C N is a parameter. To look for the travelling wave solution of Eq.(2.1),we make the transformations u(t, x, z) := U (t, x, z) = ϕ(ξ(t, x, z)) with
where k 1 , s, c are arbitrary constants which satisfy k 1 s = 0,l(τ, z) is a non zero functions of indicated variables to be determined. So, Eq.(2.1) can be changing into the form:
The solution can be proposed by the tanh method as a finite power series in Y in the form:
limiting them to solitary and shock wave profiles. However, the extended tanh method admits the use of the finite expansion
where M is a positive integer, in most cases, that will be determined by using homogenous balance principle. Expansion (3.2) reduces to the standard tanh method [1] . Applying, the homogenous balance principle, we obtain M= 0.5 ∈ N. Suppose that
Substituting from (2.5) into (2.2) we get the following new ODE:
Applying homogenous balance, the solution can be written in the form:
Where χ(ξ) satisfies the Riccati equation 8) and c 0 , c 1 , c 2 are constant to be prescribed later. By virtue of (2.7) and (2.8) with observation of the linear independence of Λ n (n = −4, −3, ..., 4) and using Mathematica Eqn.(2.6) implies the following nonlinear algebraic system of equations:
At the rest of this section we will discuss and solve our problem for some particular cases for the Riccati equation as follows:
A. c 0 = c 1 = 1, c 2 = 0. For this choice of the constants, the Riccati equation has the solution:
By the aid of Mathematica, the above system of equations (2.9) can be solved for the following cases:
. According to (2.7),(2.8) and (2.10), Eq.(2.6) has the solution
where
B. c 0 = −c 2 = 0.5, c 1 = 0. For this choice of the constants, the Riccati equation has the solution:
By the aid of Mathematica, the above system of equations (2.9) can be solved for the following case:
C. c 2 = 4c 0 = 1, c 1 = 0. For this choice of the constants, the Riccati equation has the solution:
At the end of this section we should remark that, there exists infinitely number of solutions for Eqn.(2.6) these solution coming from solving the system (2.9) with regarding the Riccati equation (2.8). The above mentioned cases are just to clarify how far my technique is applicable.
White Noise Functional Solutions
The main aim of the rest of this paper is to obtain white noise functional solutions of Eqs.(1.2). As pointed out from Xie [14] , we will use Theorem 2.1 of for d = 2 . The properties of hyperbolic functions yield that there exists a bounded open set S ⊂ R + × R 2 , m > 0 and n > 0 such that u(x, y, t, z), u xt (x, y, t, z) are uniformally bounded for all (t, x, y, z) ∈ S × K m (n), continuous with respect to (t, x, y) ∈ S for all z ∈ K m (n) and analytic with respect to z ∈ K m (n) for all (t, x, y) ∈ S. Using Theorem 2.1 of Xie [14] , there exists a stochastic process U (t, x, y) such that the Hermite transformation of U (t, x, y) is u(t, x, y, z) for all S × K m (n), and U (t, x, y) is the solution of (1.2). This implies that U (t, x, y) is the inverse Hermite transformation of u(t, x, y, z). Hence, for Φ(t)Ψ(t)Θ(t) = 0 the white noise functional solutions of Eqs.(1.2) can be written as follows:
and
Discussions
Our first interest in present work being in implementing the extended tanhcoth method, Hermite transform and white noise analysis to stress its power in handling nonlinear equations so that one can apply it to models of various types of nonlinearity. The next interest is in the determination of exact travelling wave solutions for modified KG equations. Also, we have presented Riccati equation expansion method and applied it to the modified KG equations. As a result, some new exact travelling wave solutions of the modified KG equation are obtained because of more special solutions of Eq. 
